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Excretion in ;he Absorptive Phase after Single 
Doses of Drug 

By JOHN G. WAGNER and EINO NELSON 

The use of per cent absorbed versns time lots to elucidate kinetic models for dru 
absorption is described. The following finetic models, which are illustrated w i g  
ex erimental data, are considered: absorption by a zero-order process, by two zero- 
orfter processes operating in parallel, by a tirst-order process, by two parallel first- 

order processes, and by simultaneous zero-order and tirst-order processes. 

HE MATHEMATICAL description of blood, 
Tserum, or plasma drug concentration and time 
data and data on amounts of drug excreted in 
various times is receiving increased attention by 
academic, clinical, and industrial researchers. 
The industrial phamacist, in particular, is faced 
with the task of devising methods which hopefully 
will allow him to predict from in uitro measure- 
ments the characteristic of a product with respect 
to the rate and extent it releases the active ingre- 
dient contained for absorption. This may re- 
quire him to make measurements in viuo that 
allow him to describe absorption rate as a function 
of time and interpret these in a manner consistent 
with the physiological reality of the in viuo system 
studied. Although the intact animal may Seem 
to be a system too complex for any interpretation 
of experimental data except gross ones, this is not 
necessarily the case. Once data are described in 
mathematical terms within the experimental 
error of the measurements, they become subject 
to interpretation which must be consistent with 
the physiological reality of the system and the 
physical-chemical, physical, and pharmaceutical 
characteristics of the product administered. 

Several parameters have been used to estimate 
rate of drug absorption when a drug is admin- 
istered in pharmaceutical dosage forms. Rate of 
absorption has been assessed by time of appear- 
ance of measurable blood level, time of appear- 
ance of maximum blood, serum, or plasma levels, 
amount of drug or drug metabolite excreted in 
the urine in a given time or time of appearance of 
maximum urinary excretion rate. All of these 
parameters give only qualitative indication of rate 
of drug absorption because they are only in- 
directly related to rate. Quantitative methods 
for estimating rate of absorption have been devel- 
oped by Dominguez (1) and Nelson (2). The 
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method of Dominguez is applicable to blood, 
serum, or plasma level versus time data and the 
method of Nelson to urinary excretion rate versus 
time data. Among other quantities, the method 
of Dominguez requires knowledge of the apparent 
volume of distribution; the method of Nelson 
requires knowledge of the fraction of a dose 
excreted as unchanged drug, the fraction of the 
dose absorbed, and the derivative of excretion 
rate versus time data. These parameters may be 
difficult to obtain with accuracy. 

Recently (3), modifications of the methods of 
Dominguez (1) and of Nelson (2) have been 
described which greatly simplify calculation of 
drug absorption rate because values of per cent 
of total absorption are obtained. Use of these 
equations does not require a knowledge of a drug's 
volume of distribution, what fraction of a dose is 
absorbed, or the fraction of the dose absorbed that 
is excreted as unchanged drug. 

It is the purpose of this paper to illustrate the 
applicability of these expressions in elucidating 
kinetic models that describe the various processes 
by which drugs may be absorbed. While it may 
not be possible always to determine the kinetics 
of the absorption process, sufficient data are avail- 
able to illustrate the usefulness of the methods. 
Equation 1 is for blood, serum, or plasma level 
versus time data, and Eq. 2 is for urinary excretion 

A 
A ,  %absorbed = -T X 100 

K J Cdt 
f = O  

data. The derivation of these expressions is given 
A 
A ,  

%absorbed = 2 X 100 

in the Ap@n.dix. In Eq. 1, AT is the cumulative 
amount of drug absorbed from time zero to time 
T in any convenient units, A ,  is the amount 
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Fig. 1.-Illustrates graphically the operations nec- 
essary to obtain A T / V  (i.e.,  the cumulative amount 
absorbed per unit volume of the apparent volume 
of distribution between time zero and time 7') 
from blood level data. 
eventually absorbed in the same units, K is the 
over-all rate constant for elimination from blood, 
etc., in reciprocal time, and CT is blood, serum, 
or plasma concentration at time T. In Eq. 2, AT, 
A -, and K have the same meanings as in Eq. 1 ; 
dX,/dt is urinary excretion rate at time T, and X, 
is the cumulative amount excreted in the same 
time. The method for using Eqs. 1 and 2 and 
the assumptions on which they are based have 
been described previously (3). However, their 
use is best illustrated by simulated blood level 
versus time curves and cumulative amount ex- 
creted versus time curves. 

Figure 1 shows a hypothetical blood level ueisus 
time curve with various markings which will be 
used to illustrate the application of Eq. 1. The 
vertical line delineates an area under a blood level 
ueisus time curve from t = 0 to 1 = T on the 
abscissa of the graph. These areas may be esti- 
mated by planimetry or by use of the trapezoidal 
rule. It is only necessary to multiply each of 
these cumdative areas by the value of K, as 
determined by well-known procedures (4), and 
add to each the value of blood concentration at 
corresponding times to obtain the cumulative 
amount absorbed per unit volume of the apparent 
volume of distribution. This is continued until a 
maximum or asymptotic value is obtained which 
is divided into the value obtained at earlier times 
to obtain per cent absorbed ve15us time data. 

Figure 2 is a plot of cumulative amount of drug 
excreted ueisus time. Excretion rate values from 
curve in Fig. 2 are selected at various times (ob- 
tained from the slope of the curve as shown on the 
figure) and divided by K and added to the amount 
excreted in the same time as determined from the 
cumulative excretion curve. A maximum or 
asymptote will be obtained; when this quantity 
is obtained, division of it into the values of the 
quantities obtained at earlier times will give the 
per cent absorbed at various times in accord with 
Eq. 2. 

Cases of Recycling via the Enterohepatic Cycle.- 
I t  is known that some drugs may be absorbed via the 
gastrointestinal tract, pass Via the portal vein to the 
liver, and then be partially excreted via the bile back 
into the intestinal contents. Part or all of this drug 
may then be reabsorbed; some of it may be excreted 
in the feces. 

In such cases the se- (or plasma) level-time 
plot may have a major maximum and a minor maxi- 
mum or a major maximum and a shoulder rather 
than the usual exponential fall-off, beginning shortly 
following a single maximum in the plot. When the 
per cent absorbed time plot is derived from such a 
set of data, the cumulative per cent absorbed values 
may rise progressively, then derrease for a time, then 
increase again. At first glance this may appear to  
be inconsistent. However, we defme rate of absorp- 
tion as the rate of appearance of unchanged drug in 
the volume of distribution. This rate may be nega- 
tive if the rate of efflux of drug from the blood back 
into the tract is greater than the rate of influx of drug 
from the tract to the blood. The latter can occur at 
certain times when recycling oia the enterohepatic 
cycle takes place to a marked degree. In these cases 
it may be best to define the slope of the cumulative 
per cent absorbed-time plot calculated by the 
method of Wagner and Nelson (3) as the net flux 
acros the gastrointestinal barrier, which is the result 
of influx from the tract to the blood and efflux from 
the blood and/or bile back into the tract. This 
takes care of the apparent inconsistency that the 
cumulative per cent absorbed can be less than it has 
been at earlier times, then gradually increase again. 

Kinetic Models.-The kinetics of absorption, dis- 
tribution, metabolism, and excretion of drugs can be 
adequately described by multicompartment models 
if unchanged drug is measured in the blood or in the 
urine, and measurements are made during the ab- 
sorption phase. Differential equations and their 
solutions which depend upon the assumption that 
amount of drug, and not concentration of drug, is the 

Fig. 2.-Illustrates graphically the operations nec- 
essary to obtain A T /  V ( i e . ,  the cumulative amount 
absorbed per unit volume of the apparent volume 
of distribution between time zero and time T) from 
a plot of cumulative amount of unchanged drug ex- 
creted in the urine against time. 
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of FD/ V obtained from the A T /  V versus time plot if 
sufficient blood samples are taken. Once the expo- 
nential fall-off of C with t is established, the area for 
the tail end of the Cversus t plot can be estimated by 

C = Co exp [ - K t ]  (Eq. 6)  

which describes this part of the blood concentration 
versus time curve. In Eq. 6. C is blood, etc.; con- 
centration a t  time t and C, is defined below. If t' is 
the time when the exponential fall-off of blood con- 
centration begins, and CI' is the blood concentration 
at this time, then the area under the blood concen- 
tration versus time curve from t' to  t, is given by s&'= s".;.-xp [ - K ( t  - t')]dt 

1=1' 1 =1' 
Pl-1' fi 

driving force also are applicable to these kinetics. 
This is true since the assumption also is applicable 
to these kinetics. The assumption and definitions 
used herein include the following concepts: ( a )  only 
the volume of one compartment-namely, the ap- 
parent volume of distribution-is involved; ( b )  
the rate of absorption is defined as the rate of appear- 
ance of unchanged drug in the apparent volume of 
distribution in amount/unit time, or per cent of 
total dmg absorbed/unit time; hence, although the 
driving force may be the concentration in the intes- 
tinal contents, the volume of the intestinal content 
does not enter into the calculations and may be 
ignored; ( c )  the amount of unchanged drug excreted 
in the urine in a given time is the quantity measured 
and used in the kinetic calculations; hence, the 
volume of the urine is of importance only in the 
estimation of the amount of drug in the urine. 

The apparent volume of distribution, V, is simply 
the number by which to multiply the plasma, serum, 
or whole blood concentration, so that there is mate- 
rial balance according to Eq. 3. 

CTV = AT - ET - MT (Eq. 3) 

where CT is the plasma, serum, or whole blood con- 
centration of unchanged drug at time T, A T  is the 
cumulative amount of unchanged drug absorbed to 
time T, ET is the cumulative amount of unchanged 
drug which has been eliminated in the urine to time 
T, and MT is the cumulative amount of drug metab- 
olized to  time T. No physical significance should be 
assigned to  V since part of the drug in the volume, 
V, may be bound to protein or stored temporarily 
in one particular organ. Also, it  is obvious that 
depending upon whether plasma, serum, or whole 
blood concentration is measured, the value of V will 
change even though everything else is held constant. 
As previously explained, the method of calculation 

using blood (serum or plasma) unchanged drug 
concentration data involves estimation of A T / V  
a t  various times after administration of the dose. 
The maximum or asymptotic value of A T / V ,  
( A T / V ) - .  is FD/V,  where F is the fraction of the 
dose absorbed and D is the dose. Hence, FD is the 
amount of drug absorbed and FD/ V is the amount 
of drug absorbed per unit of apparent volume of 
distribution in concentration units. By the method 
of calculation one never knows the absolute values of 
F or V but the value of F D / V  is obtained. This 
value is comparable to, but not the same as, the CO 
obtained by extrapolating a semilogarithmic plot of 
blood level against time. The Co obtained by such 
a method is an approximation (and frequently a poor 
one) for the desired value FD/V. Due to the rela- 
tionship 

FD = V K  Cdt (Eq. 4) KOm 
where K is the first-order rate constant for loss of 
drug from the volume of distribution, and the in- 
tegral is the area under the blood level curve from 
time zero to time infinity, we have 

Equation 5' provides a method of checking the value 
.. 
' Or its equivalent. Eq. 5a. 

L O  Coexp ( - K t ) d t  = - exp ( - K t ' )  K 
(Eq. 7)  

=J t = m  

where lnCo = InCt. + KI'. This area must be added 
to the area under the C. 1 plot from 1 = 0 to t' to 

yield the area J&Lm 
1=0 

Hence 

= K [sg + s:==; Cdt] (Eq. 5a) 

If sufficient blood samples are taken during the 
interval t = 0 to t = t', then the middle integral of 
Eq. 5a may be estimated with good accuracy using 
the trapezoidal rule. Also, as a consequence of the 
foregoing, the following theoretical relationship holds : 

;=t '  

= CV + K [Ld: (Eq. 8 )  

Variability of Blood Level and Urinary Excretion 
Data.-True variability of blood level and urinary 
excretion data may be attributed to the following fac- 
tors: ( a )  assay error, (6) biological variation ( i e . ,  
variation in V, f, F, and K) not only from subject to 
subject but also for a given subject from drug to drug 
or with a given drug, and ( c )  dosage form effects 
( i e . ,  variation in Fand d d / d t )  not only from subject 
to subject tested with the same formulation of the 
same drug but also for a given subject from day to 
day with the same formulation. 

Apparent variability of blood level and urinary 
excretion data may be attributed to ( a )  using a time 
interval too long for excretion rate measurement, (6) 
using the wrong mathematical method with a par- 
ticular set of data (the mathematical method may be 
wrong since the method is based on certain assump- 
tions which are invalid for the particular set of data 
being evaluated), (c) usihg the wrong criterion to 
estimate variability. 

When comparing urinary excretion data with 
blood level data, blood (serum or plasma) levels must 
be measured at the midpoints of the urinary collec- 
tion intervals to expect the proper equation to  apply. 
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The correlation of excretion rate with blood levels 
must be done for each subject independently, since 
the theoretical relationship (4) indicates the slope of 
the straight line relating these variables will be KfV, 
and this will vary from subject to subject. Further- 
more, this equation is true only where free unchanged 
drug is measured in the blood and the urine. Hence, 
if excretion rate does not correlate linearly with blood 
level when one measures, for example, a radioactive 
tracer such as tritium, etc., one should not blame the 
mathematical method. For example, the conclu- 
sion that, “The urinary excretion of both drugs 
varied widely among individuals, indicating this 
parameter is limited in value as a reflection of oral 
absorption,” which has been made ( 5 )  was not justi- 
fied on the basis of the evidence the authors pre- 
sented. The authors measured tritium radioactivity 
in blood and urine; hence, one would expect that 
there may not be a quantitative relationship between 
urinary excretion rate and plasma level. Their first 
excretion interval of 0 to 4 hours was too large and 
probably covered all the absorption phase or even 
more, especially for phenylephrine hydrochloride. 
They could have compared the serum levels at 2 
hours, with excretion in the 0 to  4-hour interval 
(since only in this instance were the serum levels at 
the midpoints of the excretion intervals); yet they 
failed to do so. They did not calculate per cent 
standard deviations-the most valid way to compare 
variability when the averages and dimensions of that 
which one is comparing are dserent. In fact, the 
per cent standard deviations calculated from their 
data ( 5 )  in Tables I1 and 111 were 49.7% for the 
plasma levels at 10 hours and 47.1% for the urinary 
excretion in the 8- to 12-hour interval for phenyl- 
ephrine given as the hydrochloride, and 25.9y0 and 
28.6%, respectively, for phenylephrine given as the 
tannate. In each pair, these are of the same order 
of magnitude. Another factor not recognized was 
that drug metabolites are usually eliminated more 
rapidly than they are formed. Hence, in the non- 
specific assay used, no correlation between drug 
blood level and urinary excretion rate should be 
expected. 

Correlation of excretion rate and serum level of 
tetracycline in three normal humans has been re- 
ported recently (6). The experimental design and 
mathematical methods need not be repeated here; 
the reader is referred to  that paper for the details. 
In this particular set of experiments, it was necessary 
to  carry out three assays on each serum sample to 
obtain about the Same accuracy and precision as one 
obtains with a single urine assay. 

Rate of urinary excretion of unchanged drug is 
given by (4) 

1395 

Hence, another possible test of the variability of 
urinary excretion and blood levels is to compare 
the per cent standard deviation of (X& and of 

K l y o b t a i n e d  with a panel of known subjects 

in whom these quantities could be estimated at the 
same time. Experiments of this type were recently 
carried out at the organization with which one of 
the present authors (7) is affiliated using commercial 
capsules of tetracycline hydrochloride and a panel 
of eight male adults. The per cent standard devia- 
tion was Z3.0yo for (XJm based on 96-hour urinary 
excretion, 36.9% for the asymptotic value of CT + 
K l z i  (which is theoretically equivalent to  

1-0 

dXu - =  KfVC 
dt 

where dX.Ja2 is urinary excretion rate, and f is 
the fraction of a dose eventually excreted unchanged 
in the urine, and the other terms have their usual 
meaning. Integration of Eq. 9 between the limits 
1 = 0 and t = and transposition of the f term gives 

r & ? ) i n  one experiment, 36.0% for (X& 
J t - 0  1 

based on 96-hour urinary excretion, and 24.3% for the 

asymptotic value of CT + K Cdt obtained in the 

second experiment. From these data one could not 
conclude that urinary excretion data were less re- 
liable indices of physiological availability than blood 
level data. 

Physiological Availability.4ser and his associ- 
ates (8 )  introduced the concept of physiological 
availability. They defined physiological availability 

KT 

as 

yo availability = 

yo of dose excreted 
in given time after 

test dose 

Yo of dose excreted in 
X 100 (Eq. 11) 

same time after aqueous 
solution of drug is taken 

It is important to  collect urine for a period long 
enough that essentially all drug excreted is collected. 
Otherwise, the estimated availability will be er- 
roneous. 

A more generalized equation for calculating 
physiological availability is 

yo availability = 

amount (or %) absorbed 
after test dose 

amount (or yo) absorbed 
following the same dose 

in most readily 
available form 

X 100 (Eq. 12) 

Wagner el al. (9) showed that physiological avail- 
ability could be estimated from blood level data as 
well as from urinary excretion data. Although the 
example utilized Eq. 8, the calculation was un- 
necessarily complicated by estimation of V in the 
individual subject by extrapolation of a plot of the 
logarithm of Cagainst 1. 

If a crossover study is carried out in a panel of 
humans in which one or more test formulations of 
a given drug is compared with a readily available 
form of the drug, then the methods for estimating 
physiological availability are 
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Method 7: 
yo availability = 

t = m  

Cdt calculated from aver- 

age blood levels of test prep- 
aration 

Lo 
L: X 100 (Eq. 19) 

Cdt calculated from 

average blood levels of readily 
available preparation 
Method 5, which is equivalent to the method of 

Oser and associates (8). requires collection of urine 
for approximately seven to ten biological half-lives 
of the particular drug involved. Urine must be 
collected for this interval of time to ensure collec- 
tion of about 99% of the unchanged excreted drug. 
Methods 6 and 7 require blood samples to be col- 
lected at intervals frequent enough and for a time 
long enough that there is obtained a good estimate 
of the area under the blood level-time curve from 
zero time to  the time that the blood level is no longer 
measurable. Methods 3 and 4 require that urine be 
collected only during the absorption phase, provided 
K is known. Methods 1 and 2 require that blood 
samples be collected only during the absorption 
phase, provided K is known. 

Usually, but not always, the asymptotic value of 

CT + K &:will be reached at, or shortly after, 

the peak of the C versus t plot. A pilot experiment 
will usually determine whether this is true for the 
particular formulation under study. If a pilot ex- 
periment is conducted first, one cannot only esti- 
mate K for the particular drug but also establish a 
reasonable blood and urine sampling scheme which 
is applicable to the particular drug and formula- 
tions. The most important blood and urine samples 
are those between the time of administration and the 
time when the maximum blood level is reached and 
those taken in the terminal part of the blood level- 
time plot or cumulative urinary excretion-time plot. 
The absorption phase is covered by the iirst group 
of samples and the value of K obtained from the 
latter group of samples. Hence, often a reduction or 
elimination of several blood or urine samples can be 
made between the time of the peak blood level and 
the time the blood or urine levels become essentially 
zero. Unfortunately, most blood level data re- 
ported in the literature were obtained with such 
sampling schedules that most of the results fall in 
the latter range. 

If unchanged drug is measured in the blood and 
urine, then all seven methods above should give, 
within experimental error, the Same estimate of 
physiological availability. Large deviations be- 
tween the percentage obtained by different methods 
of calculations, say about 20%. should lead to the 
suspicion that one or more of the assumptions in- 
volved in making one or more of the estimates is 
invalid for the particular set of data. 

Biological Examples.LThe first example in this 
Averaged data are used in fitting to various equations dis- 

cussed. This may lead to errors in interpretation of the 
kinetic model which actually holds (11). This consideration 
is only important when wide variation in rate constants occurs 
in test subjects (12). Extremely large variations did not occur 
in the cases illustrated. However, the definitive test of the 
correctness of a given Linetrc model lies in the demonstration 
that the individual rather than the average data obey the 
model. 

% availability = 
Average asymptotic value of 

CT + K 1:; for test prep- 

aration 

Average asymptotic value of CT 
I=T 

+ K Cdt for the readily avail- 

able preparation 

Method 2: 

Asymptotic value of CT + 
K Cdt calculated from aver- 

X 100 (Eq. 13) 

Lo 

Lo 
yo availability = 

f - T  

age blood levels for test 
preparation 

Asymptotic value of CT + 
K l f t  calculated from aver- 

age blood levels for readily 
available preparation 

Method 3: 

X 100 (Eq. 14) 

f = T  

yo availability = 
1 dX, ,  
K dt Asymptotic value of - - + 

Xu for test preparation 

Average asymptotic value of 

K dt 
available preparation 

Method 4:  

- X 100 (Eq. 15) 

- _- d X u  + xu for readily 

'% availability = 
1 dX, ,  
K dt Asymptotic value of - --- + 

Xu calculated from average 
amounts excreted for test 
preparation 

Asymptotic value of - - + 
X 100 (Eq. 16) 

1 d X ,  
K dt 

Xu calculated from average 
amounts excreted for readily 
available preparation 

Method 5: 

70 availability = 
Average (Xu)- for test 
preparation 
- . . .- X 100 (Eq. 17) 
Average (X& for readily 
available preparation 

Method 6: 

yo availability = 

Average Cdt for test prep- 

aration 

Average 

available preparation 

lom 
1:- 

x 100 (Eq. 18) 
Cdt for readily 
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Fig. 3.-Curve A is a plot of blood glucose level 
against time taken from Jokipii and Turpeinen 
(10). The solid line is the one described by the 
equation A T / V ,  and the solid dots are the experi- 
mentally observed values. Line B is a plot of A T / V  
against time calculated according to the method 
described in the text. 

Fig. 4.-Agreement between theoretically pre- 
dicted infusion rate of glucose calculated with the 
appropriate equation (right ordinate) and that 
known to be experimentally correct. Curve A is the 
least squares line, and the triangles are calculated 
values. Curve B represents hypothetical cumula- 
tive urinary excretion of glucose. 

section will consider the case where the drug enters 
the fluids of distribution at a constant rate (zero- 
order process) and is eliminated from these fluids at 
a rate directly proportional to the existing concen- 
tration at a given time (lirst-order process). This 
sequence of processes is shown as Model I in the 
Appendix, and the expression which describes blood 
concentration as a function of time is Eq. 5A of the 
appendix. 

The data used are the results of the experiments of 
Jokipii and Turpeinen (10). Glucose was infused 
as 5 to 6% isotonic solutions into the cubital vein 
at constant rates. The mean rate of infusion in 24 
normal subjects was 297 mg./minute. The mean 
preinjection blood sugar was 84.9 mg./lOO ml. 
This is the zero level at time zero shown on Fig. 3. 
The mean blood sugar level at 60 minutes is shown 
also in Fig. 3. The solid dots are the arithmetic 
values. The open circles are those obtained by the 
best fit-namely, C = 53.8 [ I  -exp( -0.05191)]. 

The triangles in Fig. 3 are values of CT + K. 
(area) calculated from these data. The slope of this 
line through these points is 2.794 ml./minute 100 ml. 

The line is straight, a reflection that the glucose was 
infused a t  a constant rate. 

Since it is known that the actual infusion rate 
was 297 mg./minute, an estimate can be made of 
the apparent volume of distribution, V, from this 
rate and the slope of the A T / V  time plot. The 
calculated V is 10.600 ml. Exactly the same 
answer was obtained by Jokipii and Turpeinen (10) 
by assuming that the Model 1 applied to  these 
data. 

Assume all the glucose in the blood was excreted 
unchanged in the urine, and urine was assayed for 
glucose. Figure 4 shows a hypothetical cumulative 
excretion curve for this case. 

It should be noted that the cumulative excretion 
curve, X, versus t ,  is curved throughout the 60- 
minute infusion period. It appears linear from 40 
to 60 minutes, but the rate calculated in this in- 
terval is 274 mg./hour, which is 7.7% lower than the 
actual rate of 297 mg./minute. 

By the method previously outlined, values of 
l /K-(AX,, /At)  + X,, (see Eq. 42A of the Appendix) 
were calculated and are shown as the triangles here. 
The slope of the line drawn through these points is 
297 mg./minute, which is exactly the known infusion 
rate. These results are supporting evidence that 
the simple graphical method is highly accurate. 
The apparent linearity of the hypothetical cumula- 
tive excretion plot in the 40 to 60-minute interval 
is shown to be only apparent in Fig. 4 when the ex- 
cretion rate is plotted against time (cf. Fig. 5).  A 
cumulative excretion plot is very “insensitive” 
compared with the derivative plot. 

If a loading dose, exactly equal to ko/K, is injected 
rapidly intravenously and at the same time the 
constant rate infusion is started, then the blood level 
will remain constant,’ and a plot of cumulative 
amount of unchanged drug in the urine against time 
will be linear as long as the constant infusion rate is 
maintained. 

It may be that absorption proceeds into the fluids 
of distribution by two parallel zero-order processes 
(Model 2 of the Appendix). Data are available with 
which this can be shown. Tanaka et al. (13) re- 
ported blood levels of sulfanilamide in five dogs 
administered in two different formulations of sul- 
fanilamide orally. Sample I was a micropellet 
formulation containing 33.2% of sulfanilamide in 
gelled gelatin. Sample I1 was a similar micropellet 
formulation which had been treated with 10% 
formalin-isopropanol a t  2 to 5” for 24 hours, then 
dried; it contained 19.0% sulfanilamide. Both 
preparations were administered orally to the dogs at 
a dose of 250 mg. of sulfanilamide per kilogram of 
body weight. The results obtained with the second 
preparation were interpreted in terms of the model 
just discussed after computing per cent absorbed 
uersus time plots. The results are summarized in 
Fig. 6. As may be seen, two zero-order processes 
were in operation during absorption. The values 
of the constants and material balance are sum- 
marized in Table I. 

In a study in which 200-mg. doses of lincomycin 
were injected intramuFularly, data (7) were ob- 
tained which could be interpreted as consistent with 
M A 1  3 of the Appendix. Nearly 70% of the dose 
was absorbed rapidly, comparable to a rapid intra- 

8 Actually, in the usual medid experiment thelonding dose 
is less than or greater than h/K, and the constant rate UI- 
fusion is continued until the measured blood level becomes 
apparently comtant. 
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administration of a sustained-release suspension of 
this substance have been interpreted in terms of this 
model. 

Per cent absorbed versus time values were calcu- 
lated using Eq. 1. When plotted (Fig. 8). it ap- 
peared that the line connecting the points might be 
one delineating a cumulative first-order process. 

TABLE I.-SUMMARY OF DATA FOR A CASE OF 
ABSORPTION AND ELIMINATION CONFORMING TO 

Model 2 

Clock Time % of Dose Total '% 
Time, Interval, Absorbed/ of Dose 

Absorbed Hr. Hr. Hr." * * 

50 

304*.% 

- - 0 5 -  

m 

e 
z 
1 
Y 
5 
J 

e 

g 0 5 -  
z Y 

01 

t . . '  I 

-  lo^^^ I* 0 

1 -  

0 I 2 3 4 5 6 1 8  9 10 I1 
. . . . , . , . . . '  

l ly t  Im.1 

Fig. 5.-Hypothetical urinary excretion rate of 
glucose versus time. (See text regarding this curve.) 

Fig. 6.-Per cent absorbed versus time plot cal- 
culated from blood level versus time data obtained 
following the administration of sulfanilamide in 
sustained-release form (see text for reference). 
Two zero-order processes were apparently in opera- 
tion. The equation describing segment A is yo 
AT = 5.671 - 15.7, and the equation for segment 
B is % AT = 2.481 + 30.5. The arrow on the 
figure indicates the time in hours when the first 
process ceased. 

venous injection, and about 30% byafirst-orderproc- 
ess (see Fig. 7). Hence, data were fitted to  the sum of 
Eqs. 7A and 20A of the Appendix. The correlation 
between experimentally observed and theoretically 
predicted values of serum level versus time by the 
resulting equation is shown in Table 11. It will be 
seen from data in this table that the correlation was 
excellent . 

It may also be the case that drug is absorbed by 
two first-order processes operating in parallel, as 
in the scheme shown as ModeZ 4 in the Appendix. 

Data in the literature (14) on blood levels of 
sulfaethylthiadiazole as a function of time after the 

2.8-14.5 11.7 3.19 37.3 
2.8-28 25.2 2.48 62.5 

Total 99.8 

Observed Theoretically 
Time, Serum Levels, Predicted Serum 
Hr. mcg./ml. Levels, mcg./ml. 

1 
2 
4 
6 
8 
12 

3.8 
3.8 
3.0 
2.3 
1.7 
0.9 

3.5 
3.8 
2.8 
2.3 
1.7 
0.9 

Following a 200-mg. intramuscular dose. 
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FD = loo%, fs = 0.70. ko = 7%/hour (hence, 10 
hours were required t o  release all the "drug" from 
compartment A at a constant rate), $ = 0.30, k. = 
0.693 hour-', and K = 0.1386 hour-' corresponding 
to a biological half-life of 5 hours. Figure 11 is a 
plot of the per cent of drug in compartment C 

Fig. 8.-Per cent absorbed umus time plot cal- 
culated from blood level versus time data obtained 
following oral administration of sulfaethylthiadiazole 
in sustained-release form (14). The solid circles 
are values directly calculated from average serum 
levels. The line is based on the analysis shown in 
Fig. 9. 

Therefore, per cent drug unabsorbed was plotted 
u e r m  time on semilogarithmic paper. (The proce- 
dure was the same as in the preceding case.) This 
plot is shown in Fig. 9. If the diEereuces between 
line B and extrapolated line C are plotted as a func- 
tion time, another straight line, A, results. This 
could be interpreted as an indication that absorp- 
tion occurred by two parallel apparent M-order  
processes.' 

The appropriate equation to  estimate the blood 
levels of sulfaethylthiadiazole is Eq. 28A in the 
Appendix. For this particular example, the value 
FD/V = 20 mg.% was obtained by extrapolating 
a plot of A T / V  ueisas time (analogous to extrap- 
olating Fig. 8 to 100%). The other constants were 
obtained as follows: 5 = 0.334 from the intercept 
of line A and fs = 0.666 from the intercept of line 
C of Fig. 9; k, = 1.074 hr.-I from the slope of line 
A and k,' = 0.219 hr.-1 from the slope of line C of 
Fig. 9; K = 0.0928 hr.-' was obtained from data in 
the same paper (14) obtained following administra- 
tion of crystalline (noncoated) sulfaethylthiadiazole. 
Figure 10 compares the estimated blood levels 
(dotted line) with the observed blood levels (solid 
dots). The estimated blood levels agree to within 
0.3 to 5% (average 2.1%) of the observed blood 
levels. Even better agreement of estimated and ob- 
served blood levels could have been obtained with a 
computer using the blood level and time values 
themselves rather than the logarithms of the blood 
level values. 

Hypothetical Example.-A hypothetical example 
of Model 5 of the Appendix illustrates the accuracy 
of the method when absorption occurs by simul- 
taneous zero-order and first-order processes. The 
parameters chosen (Eq. 32A) were as follows: 

1 It also could be the case that two consecutive processes 
were involved. However, this was shown not to be the 
case by further mathematical analysis. 

Fig. 9.-A plot of per cent sulfaethylthiadiaz?le 
unabsorbed (logarithmic scale) versus time showing 
two components in the absorption phase. The 
open circles delineate a line described by 100 - A T  
= 66.6 exp (-0.219t) on h e a r  coordinate paper. 
The points for the line delineated by triangles were 
obtained by subtracting values given by the extrap- 
olated portion of the other line and those given by 
the line connecting the last open circle and the 100% 
value. The equation of this line on linear coordinate 
paper is described by 100 - AT = 33.4 exp (-1.074 
t ) .  The arrows on the ordinate indicate the per- 
centages not absorbed by the two parallel first-order 
process. (Additional explanation is given in the 
text.) 

oo- 
I I* I 

Fig. 10.-Agreement between theoretically pre- 
dicted sulfaethylthiadiazole blood levels and time 
(line) and experimentally observed levels (solid 
circles). The X's represent range of individual 
subject experimental values observed. Mean values 
were used to  obtain the plotted solid circles and the 
theoretical ~,nq. 
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inal graph. Both analog and digital computers 
yielded the same results. 

This model illustrates another important point. 
Even when 70% of the dose was released at a con- 
stant rate, the blood level (amount in Compartment 
C) never became flat or constant, and the cumula- 
tive excretion curve (amount in compartment D) 
never became linear. Even if the proper loading 
dose-namely, ko/K = 7%/0.1386 = 50.5%- 
had been placed in compartment B initially and the 
remaining 49.5% put in compartment A and released 
over 10 hours at a constant rate of 4.95%/hour, the 
resulting compartment C plot would be nearly, but 
not exactly, parallel to the time axis for only a short 
interval of time. 

Equations to Estimate Blood Levels.-The equa- 
tion to provide estimated blood levels at any time t 
after administration of a single dose of a drug may 
also be derived by using only the numerator of Eq. 
1 and by using Eq. 8. In this case, the total initial 
amount in compartments A and B of the models 
in the Appendix becomes F D / V  and is in the same 
concentration units as the measured blood levels. 
In this case. the per cent absorbed versus time plot 
is replaced by an A T / V  versus time plot, where 
A T / V  is in the units of the measured blood levels. 
This procedure results in considerable time saving 
since the conversion to percentages is eliminated. 

APPENDIX 

This appendix considers various models to dexribe 
drug absorption, metabolism, and excretion with 
which new data and data in the literature may be 
interpreted (in most cases). Also contained is the 
derivation of the mathematical expressions which 
describe blood, serum, or plasma level and in some 
cases, urinary excretion of drug in the models pre- 
sented. 

Model I.-The first model to be considered is 

0 5 10 I5 M 25 W 
I l * I  

Fig. 11.-Hypothetical percentages of drug in 
various compartments of distribution for a specific 
case when drug is absorbed by parallel zero and 
first-order processes. This is Model 5 of the 
Appendix. (See text under Hypothetical Example 
for explanation of curves.) 

(analogous to the blood level) and the cumulative 
amount of drug in compartment D (analogous to  
unchanged drug excreted in the urine plus metab- 
olites). The amounts remaining in compartments 
A and B at times t-namely, x,  and x b .  respectively 
-were directly calculated and used to produce the 
third line, % A T  = lOO-(x, f xb), shown in Fig. 
11. From 5 to 10 hours the latter line is essentially 
linear. However, it is not exactly linear, since a t  
5 hours 6.25% of the original 30% of the drug in 
compartment A is still there and being released a t  
a first-order rate. However, this is a relatively small 
amount compared with the 35% being released at 
a rate of 7%/hour which is in compartment B at 
the same time. By assuming linearity of the % 
AT,  t plot in the 5- to 10-hour interval, some error 
is introduced. The magnitude of this error is shown 
in Table I11 in the first row. The second row in the 
table gives the constants back-calculated from the 
compartment C data using Eq. 1; the third row 
in Table I11 gives the constants back-calculated 
from the compartment D data using Eq. 2. It may 
be seen that the new methods introduce little or 
no more error than is caused by the assumption that 
the % AT.  t plot is linear in the 5- to 10-hour period. 
These results were achieved simply with a pencil 
and paper using the trapezoidal rule to estimate the 
areas and reading the x d  values directly off the orig- 

In Model 1, A represents drug a t  an absorption site 
or in an infusion apparatus being transferred to a 
compartment C (drug in blood and the other fluids 
of distribution in apparent equilibrium) by a process 
whose rate is constant (zero-order process) and from 
which it is removed from the body by metabolism 

TABLE III.-cONSTANTS OF Model 5 BACK-CALCULATED BY VARIOUS METHODS AND THE PERCENTAGE ERROR 
OF THE CALCULATED VALUES FROM THE ACTUAL VALUES USED TO GENERATE THE MODEL CURVES 

Constant Involved - 
-100 f, %- -100 fs, 7- -h, Hr.-la- -ko, %/Hr.- 
Calcd. % Calcd. % Calcd. % Calcd. % 

Method of Calculation Value Error Value Error Value Error Value Error 
Graphically from actual X .  and 

From Xc.  t values using X c  + xb values from 5 to 10 hr. 28 -6.67 72 +2.86 0.717" +3.46 7.18 + 2.6 

K f : I : X d l  28.1 -6.33 71.9 +2.71 Notestimated 7.17 + 2.4 

From X d , t  values using 
28.2 -6.00 71.8 +2.57 Notestimated 7.19 + 2.7 

A X d  + X d  K -z- 
From actual x d ,  t values from 5 to  

10 hr., assuming excretion rate 
is constant These values indeterminate by this method 6.27 -10 

'1 kl - 2;"s loglo [w' - (lOO's - kd)]. Values of kr were calculated for l = 0.2, 0.4, 0.6, 0.8; 1. 2. 3. and 
100 f 

4 hr. then averaged. 
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and/or excretion of unchanged drug at a rate di- 
rectly proportional to the concentration present in 
compartment C (first-order process) to compart- 
ment(s) D. The quantities ko and K are the zero 
and first-order rate constants, respectively, with di- 
mensions of amount per unit time and reciprocal 
time, respectively. The rate of change of concentra- 
tion C in compartment C with time in Model 1 
will be equal to 
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whereV is the apparent volume in which drug be- 
comes distributed ( i e . ,  the volume of compartment 
C). Rearranging Eq. 1A and integrating gives 

In ($ - K C )  = t + constant (Eq.2A) 

If a t  zero time no drug is absorbed, the value of the 
constant is 

1 - 

1 - In ( k o / V )  = constant (Eq. 3A) 

Inserting Eq. 3A in Eq. 2A and rearranging gives 

- K C  = -Kt (Eq. 4A) ko/ V 
In 

If Eq. 4A is raised to power of the natural logarithm 
and rearranged, the following expression results 
which gives blood, serum, or plasma concentration 
as a function of time: 

k 
K V  C = [ l  - exp ( - K t ) ]  (Eq. 5A) 

If the constant of integration in Eq. 2A is evaluated 
under the condition that a t  zero time C = C'J, 
then the expression becomes after rearranging and 
raising it to powers of the natural logarithm 

k c = -I- (" - Co) exp (-Kt) (Eq.6A) K V  KV 
If Co is selected to equal ko/K V, then Eq. 6A re- 
duces to 

c = o  k 
KV 

and blood, etc., concentration would be constant 
for as  long as drug is absorbed or introduced a t  a 
constant rate. This is the case when an appro- 
priately calculated initial loading dose is given by 
rapid intravenous injection, and drug infusion starts 
immediately at a constant rate by the intravenous 
route. 

If accumulation of unchanged drug is followed in 
compartment D, assuming that some part of the dose 
is excreted unchanged in the urine, an expression can 
be developed to describe this accumulation. Uri- 
nary excretion rate will be given by (4) 

- = kiVC dX.  
dt 

where k1 is the first-order urinary excretion rate con- 
stant. Substituting for C by its value as given in 
Eq. 5A yields 

dA = eo [l - exp ( -KQ] (Eq. 9A) dt K 

Integrating Eq. 9A gives 

+ constant klkd 
K 

klko exp ( - K t )  
x u  = - + K ,  

(Eq. 10A) 

If a t  zero time no drug has been excreted, the con- 
stant of integration has the following value: 

constant = - kiko - K' (Eq. l l A )  

InsPrting this expression in Eq. 10A and rearranging 
gives 

kikot kiko 
K K' X - -- - - [ I  - exp ( -K t ) ]  (Eq. 12A) u -  

as the expression desired. After a sufficiently 
long time (seven to ten half-lives), the term containing 
the exponential in Eq. 12A becomes negligible and 
the equation reduces to 

kikot kiko X - __ - - (Eq. 13A) 
Y -  K K 1  

and a plot of cumulative amount of unchanged drug 
excreted would become linear. 

In Eq. 13A the ratio, kl/K,  is the fraction of a 
dose,f, eventually excreted unchanged. 

Model 2.-Another model in which the drug ab- 
sorption part would conceivably be found in practice 
is 

The constants ko and K have the same meaning as 
previously. The constant, ko', is a zero-order rate 
constant for an absorption or infusion process 
which operates simultaneously with the other zero- 
order process. In Model 2 rate of change of blood, 
etc. (compartment C) concentration with time is 
given by 

d C  ko + ko' 
dt K V  

= ~ - KC (Eq. 14A) - 

By the procedure identical to that used to obtain 
Eq. bA, blood concentration as a function of time in 
Model 2 will be given by 

[ l  - exp ( - Kt)]  (Eq. 15A) ko + ko' C -  - K V  

Model 3.-It could be the case that absorption 
proceeds by a single first-order process and the situa- 
tion may be depicted as 

k s  K 
F D a t t  = 0) A + C - + D  

In Model 3, k.  is the first-order rate constant for 
the absorption process. The rate of change of blood, 
etc., concentration is given by 

- K4 - KC (Eq. 16A) dt - V 

In Eq. 16A, X. is the amount of the drug a t  the 
absorption site at any time, 1, and the other terms 
have the same meaning as previously described. 
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Equation 25A may, after substituting for X. and X b  

as given in Eq. 17A, be rearranged and integrated to  
give 

C = (constant) exp ( - K t )  + 

If the drug disappears by a first-order absorption 
process, then X. will be given by 

X. = FD exp (-k.1) (Eq. 17A) 

where D is the dose and F the fraction of i t  eventually 
absorbed by the first-order process. Inserting the 
value of X. as given above in Eq. 16A and integrating 
the resulting expression gives 

C = (constant) exp ( - Kt)  
'OFD 

V ( K T )  
[exp ( -  Kat) (Eq. 18A) 

If at zero time no drug is in the blood, the constant 
of integration has the following value 

kaFD (Eq. 19A) V( K 7) constant = - 

Inserting the value of this constant in Eq. 18A and 
rearranging the resulting expression gives 

C = -- -?- [exp ( - k.t) - exp ( - K t ) ]  F * D  k 
V K - k a  

(Eq. 20A) 

IJsing Eq. 8A, urinary excretion rate of unchanged 
drug (if any) will be described by 

dX' '  = 'lkLFD [exp (- kat) - exp ( - Kt)]  
dt K - k .  

(Eq. 21A) 

Equation 21A may be integrated to obtain 

+ constant (Eq. 32A) 

I f  a t  zero time no  drug has been excreted, the con- 
stant of integration has the following value: 

constant = - - kt FD -- (Eq. 23A) 
K - k . (  K ) 

I f  Eq. 23A is substituted in Eq. 22A and resulting 
expression rearranged, the following equation may 
be obtained: 

k1 FD x,, = ( K  - ko) [1 - exp (-k.t)l 

[ 1 - exp ( - K t ) ]  (Eq. 24A) kika FD 
( K  - ka)  

- 

Equation 24A describes cumulative amount of un- 
changed drug excreted, and again the ratio, kl/K, 
is equal to the fraction of a dose excreted in this form. 

Model 4.-Absorption may also precede by two 
parallel first-order processes as shown: 

FDf, a t  t = 0) A 

FDf8 a t  t = O }  B< 
fi + f. = 1 

In Model 4fi andf, are, respectively, the fractions of 
the dose absorbed by the indicated processes. In 
this model, drug blood, etc., level will be described 
by the following expression, where A and B are the 
two sources of drug, and k. and k.' are the first- 
order rate constants for the indicated processes. 

= 7 (kaX, + k.'Xb) - KC(Eq.25A) dl 

. .  

kaFDfi k''FDfg exp ( - k.'t) V ( K  - k.) exp (-"') + V(K - ka') 
(Eq. 26A) 

If no drug is in circulation at zero time, then the 
constant of integration has the value 

k. FDfi ka FDf. constant = - - - 
V(K - k.) V ( K  - ka') 

(Eq. 27A) 

Inserting Eq. 27A in Eq. 26A gives, on rearrange- 
ment 

[exp ( - k.'t) - exp ( - K t ) ]  1 (Eq. 28A)  

to describe blood (compartment C)  level as a func- 
tion of time. 

Model 5.-In the preceding model two first-order 
absorption processes were assumed to be in opera- 
tion simultaneously. It may also be that both a 
zero and first-order process operate simultaneously 
as shown in the following model: 

Rate of change of blood (compartment C) concen- 
tration with time in the Model 5 above is given 
by 

kn k X. :F = v + % - K C  (Eq. 29A) 

After substituting for A', in Eq. 29A. as given by Eq. 
17A, rearranging, and integrating, the following 
expression is obtained : 

C = (constant) exp ( - K t )  

+ 2 k + -- kh FDfi exp ( - k a t )  (Eq. 30A) KV V(K - k,) 

If at zero time no drug is present in the blood, the 
constant of integration in Eq. 30A has the value 

constant = - [kv + kaFDfi ] (Eq. 31A) 
V ( K  - k.) 

Substituting for the constant in Eq. 30.4 by its valuc 
as given by Eq. 31A gives 

+ {$k [ I  - exp (-Kt)] I I (Eq.32A) 

as the expression which describes blood level as a 
function of time. This equation is valid during the 

.-- . .  time zero-order absorption is occurring. 
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The derivation of the expressions given in the 
text to calculate per cent of the absorbed dose of a 
drug as a function of time begins with a material 
balance accounting for the dose absorbed a t  all 
times. This material balance is 

FD = x a + b  + x e  + x d  (Eq.33A) 

where X,+b is the amount a t  absorption site a t  any 
time, X. is the amount in the body at the same time, 
and x d  is the amount eliminated from the body also 
in the same time. Another material balance is 

A T  = xc + x d  (Eq. 34A) 

Hence, 
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Furthermore, since X ,  = VC and dX,/dt = V. 
dC/dt and since dXd/dt = KVC (loss from V is as- 
sumed to be first order), Eq. 35A may be written 

dC _ -  - V dl + KVC (Eq.36A) dA 
dt 

Integration of Eq. 36A between the limits r = O  and 
t =  T yields 

A T  = V CT + K Cdt (Eq.37A) ( JTOT) 
Integration of Eq. 36A between the limits t = O  and 
t=  co yields 

By definition, we have 

A % absorbed = k', X 100 (Eq. 39A) 

Hence, 

C T + K C Z  

%absorbed = X 100 (Eq. 40A) 

K J g  

The denominator of Eq. 4OA is the maximum or 
asymptotic value of the numerator. 

If urinary excretion of unchanged drug is followed, 
Eq. 408 may be modified. Urinary excretion rate of 
unchanged drug is given by (4): 

dXn = f V K C  
dt (Eq. 41A) 

Solving Eq. 41A for C, substituting into Eq. MA. 
and simplifying yields 

yo absorbed 

GLOSSARY 

dA/dl ,  instantaneous absorption rate (units of amounts per 

AT amount absorbed from time zero to time T (weight Units). 
A:, amount eventually absorbed, A, = F.D (weight units). 
C, the blood (serum or plasma) concentratlon (concentration 

units) assumed to  be representative of compartment C in 
the models. 

CT, the blood (serum or plasma) concentration at time T (con- 
centration units). 

V, the apparent volume of distribution (volume units). See 
Inlrodudion for dehition. 

K ,  the 6rst-orda rate constant for loss of drug from V units 
(units of reciprocal time). 

D. the dose.of drug administered (weight units). 
F, the fraction of the drug absorbed. (r.c.,.the fraction of the 

dose which reaches V). Thw is a dimensonless number and 
0 3  F Z . 1 .  

4. the fracuon of the drug reaching the circulation ( i .e . ,  V) 
which is excreted unchanged in the urine. This is a dimen- 
sionless number and 0 7 f 7 1. 

Xc, amount of unchanged drug retained in V at  a given time 
(weight units). 

Xd. amount of drug eliminated from V by all processes in a 
given time weight units). 

Xu, amount o! unchanged drug eliminated in the urine to a 

d&dt, the instantaneous rate of urinary Fxcretion of un- 
changed drug at  time t. This is the fist denvative of ,a plot 
of cumulative amount of unchanged drug excreted ~n the 
urine against time (units of weight per unit time). 

d*Xu/da ,  the rate.nf c.hange of urinary excretion rate. This is 
the second d a v a t w e  of a plot of cumulative amount of 
unchanged drug excreted in the urine against time. 

(Xu),, the amount of unchanged drug excreted in the urine in 
infinite time (weight units). 

% AT. the amount of drug absorbed to time T expressed as a 
percentage of the total amount absorbed 1i.c.. % AT = 
( A T / A d  X 1001. 

E i : t h e  area under a plot of blood (serum or plasma) 

unit time). 

'ven time (weight units) and Xu = f. Xd. 

concentration against time between time zero and time T 
(units of concentration X time). 

the area under a plot of blood (serum or plasma) 

concentration against time between time zero and infinite 
time (units of concentration X time). 

Interpretation of the Models 
A and/or B, drug in the dosage form and/or gastrointestinal 

tract or site of injection (i.c.. drug in A and/or B is unab- 
sorbed). 

C. drug in V of which blood (serum or plasma) is a part. In 
the models Cis the concentration of compartment C, whose 
volume is V. 

D, drug in the urine and/or metabolites. 
ka, a zero-order rate constant (amount/unit time). 
b and kr, 6rst-order rate constants (units of reciprocal time). 
Xa, Xb, Xc, and Xd. amounts of .drug in the compartments A. 

f i ,  that fraction of the drug absorbed which is absorbed at 

fs, that fraction of the B u g  absorbed which is absorbed slowly 

h and b', first-order absorption rate constants (units of re- 

Hence, C 0 X c / V .  

B, C ,  and D at time 1, respectwely. 

rapid rates from com artment A. 
from compartment B. 
ciprocal time). 
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